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ABSTRACT: The present paper deals with the determination of the unknown temperature, displacement and
stress functions on the upper plane surface of a finite length hollow cylinder when the interior third kind
boundary condition is known. Initially the plate is kept at zero temperature. A complete evaluation of
temperature and stress distributions in a transient state is obtained using finite Marchi-Zgrablich and
Laplace transform techniques. The results are obtained in series form in terms of Bessel’s functions. The
results for displacement and stresses have been computed numerically and illustrated graphically.
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I. INTRODUCTION

The inverse thermoelastic problem consists of the
determination of the temperature of the heating medium
and the heat flux of a solid when the conditions of the
displacement and stresses are known at some points of
the solid under consideration. This inverse problem is
very important in view of its relevance to various
industrial machines subjected to heating such as main
shaft of lathe and turbine and roll of a rolling mill.

In the works of Grysa and Cialkowski [1] and
Grysa and Kozlowski [2], one dimensional transient
thermoelastic problems are considered and the heating
temperature and the heat flux on the surface of an
isotropic infinite slab are derived. In the works of
Khobragade and Wankhede [3], two dimensional
steady-state thermoelastic problem is considered and
the heating temperature, displacement and thermal
stresses are derived. Singru [8] investigated thermal
stress of a thick hollow cylinder. Evgeniy Dats [9]
calculated the residual stresses of hollow cylinder under
unsteady thermal action. Iryna Rakocha Popovych [10]
developed the mathematical modeling and investigates
the stress strain state of the three layer thermo sensitive
hollow cylinder.

In the present problem an attempt is made to study the
inverse transient thermoelastic problem to determine
the unknown temperature, displacement and stress
functions of the cylinder occupying the space

D:{x.y. e R :a<(x® + yH)"? <b,0< 7 <}
with the known interior third kind condition. The finite
Marchi-Zgrablich and Laplace transform techniques are
used to find the solution of the problem. Numerical
estimate for the temperature distribution on the upper
plane surface is obtained. A brief note contains relevant
results of the transform, although elementary, are not
easily found in textbooks provided in Appendix.

II. FORMULATION OF THE PROBLEM

Consider a hollow cylinder of length h occupying the
space D. The differential equation governing the

displacement function 1 ( r,z1), where
rz()c2 + yz)”2 is
1+v
V= u0{, (1)
(I-v)
with ¢=0atr=aandr=> ..(2)
2 2
where V2=a—+li 9
or: ror 9z7°

where v and ¢, are the Poisson’s ratio and the linear
coefficient of thermal expansion of the material of the

cylinder respectively and @ is the temperature of the
cylinder satisfying the differential equation
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0’0 100 0’0 100

-t —=—— ..(3)
o ror 977 kot
where k is the thermal diffusivity of the material of the cylinder,
subject to the initial condition
=0 foralla <r <b, and 0 <z <h, (@
the interior condition
00
O+ — =&(r,t) forall 0 <E<h and 1> 0 ..(5)
L 0z =
and the boundary conditions
00
0+ — =u(r,t)foralla_<r_<b, andz >0 ...(6)
L < z=0
[®]z:h = g(r,t) forallasr <b, and 1> 0 (7
00
O+k,— | =F(2,0) forall0<z<handt>0 .(8)
— ar r=a
00
®+k, Fal F,(z,t) forall0 <z <h and>0 .(9)
r r=b

The functions F,(z,t)and F,(z,t) are known constants and they are set to be zero so as to obtain mathematical
simplicities. The constants k; and k; are the radiation constants on the two curved surfaces. The function f (r,t)is

assumed to be known while the function g(r,7) is not.
The radial and axial displacement U and W satisfying the uncoupled thermoelastic equations [6] are

U 0 1+ 00
VZU——2+(1—2v)‘l—e=2(—V)a,— .(10)
r or 1-2v) ' or
V2W+(1+2v)‘1%=zua,a—® (11
0z 1-2v) ' oz
where e = a—U + g + a—W is the volume dilation and
or r 0z
9¢
U=-Z ..(12)
or
9¢
W= -2 ..(13)
oz
The stress functions are given by
”L'rz(a,z,t)=0 ‘L'rz(b,z,t)=0 ‘L'rz(r,O,t)=0 ..(14)
and
o,(a,z,t)=pj, o, (b,z,t)=-pg, o, (r,h,t)=0 .(15)

where p, and p, are the surface pressures assumed to be uniform over the boundaries of the cylinder. The stress
functions are expressed in terms of the displacement components
by the following relations:

u a—W} .(16)

o, =(/1+2G)a—U+/1 —+
or ro oz
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0'Z=(/1+2G)a—W+/l a—U+£ (17)
‘ 0z or r
_(/1+2G)—+/1 a—U+a—W ..(18)
or 0dz
7, =G| — oW aU ...(19)
‘ or az
2Gv | . .
where A = is the Lame’s constant, G is the shear modulus and U and W are the displacement components.

1-2v
Equations (1) to (19) constitute the mathematical formulation of the problem under consideration [5, 6].

II1. SOLUTION OF THE PROBLEM
The finite Marchi-Zgrablich integral transform of f (r) is defined as

f,my=["r&w) s, (@.p.u,r)dr -20)

where &, &,, B, and f, are the constants involved in the boundary conditions

&'lé(l’) +a, f’(l’)L:a =0 and ﬁlf(r) + 8, f’(l’)L:b =0 for  the  differential  equation
FrO+ANf ) —(p* Ir*) f(r) =0, é?p (n) is the transform of &(r) with respect to kemnel S, and weight

function r
The inversion of equation (20) is given by

1 =
f(r)= ZC— E,m)S, e

m m

where kernel function S, can be defined as

S,=J,1G,(a,u,a)+G, (B, 1, b)]1— G,lJ,(,u,a)+J, (B, u,b)] ..(22)
being

J,=J,wo)+aul, (ug) and G, =G, (ug)+auG, (4s) ,

where J , and G, are Bessel function of first and second kind respectively and

:jlx{Sp}zdx

a

b’ a’
:?{S[% _Sp—l(a"ﬁ’ lllmb).Sp+l(a"ﬁ’ lllmb)} _?{S[% _Sp—l(a"ﬁ’ lllna)Sp}'

On applying finite Marchi-Zgrablich transform and Laplace transform to the equations (3) to (9) and then using
their inversions, one obtain the expressions of temperature distribution and unknown temperature gradient
respectively as

O(r,z,t) = 2kﬂ-is‘) i )" m{@cos@z—sinBz]

2

n=l “*» m=1

xﬂe_”(n,t’) - B—f+ }(ljek[ﬂ" ’

2.2
mr ](f—r’) )
dt
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2k7$

()

1)"mlsin@(z—¢)—@cos 8 (z—¢)]

n=1 nml

xj{u(n t)— [ i ,’L’} }e‘k[an“m; ](, f)dt +z L-lu,
2=0

(23)

g(r,1) —2’(—” S0y =23 (—1)"m[@cos @ h—sin 6 1]

n=1 “"» m=1

foeo o]

2k7r oz )" mlsin @ (h—¢)—6cosB (h—¢)]

nlcnml

_k[an2+m2f2 ](I—t )
xj{u(nt) [ )(} }e g dt’ + z So L' y] ..(24)
z=0

where n is Marchi-Zgrablich transform parameter, } stands for partlcular integral

2
](f—r’)
dt’

and is given by

7= eﬂnZI le—ZﬂnZIF(Z)eﬂnz dZJdZ

a b
where F(z) = k_ Sy (k, ky t,a)F\(2) - k_ So(k k, 1t,D)F,(2),

1 2

M, are the positive roots of the equation S, (k,,k,, 4, r)=0,
— b — b
Fy=["r&r.n Sydr, utnn = [ r&rn S, dr,

S, is kernel of the transform,
b
C, =[r(Sy k). ks p1,7)) dr

mm
and @ =——

9

Equations (23) and (24) are the desired solutions of the given problem with ;= £, =1 and o; = k;, @& = k..
IV. DETERMINATION OF THERMOELASTIC DISPLACEMENT

Substituting the value of © (r,z,¢) from (23) in equation (1), one obtains the thermoelastic displacement function

dr, z,t) as
o(r,z,t) = [H_Vja kﬁzr % m[sinﬁcos@z=—sint9z ]

ﬂ

xﬂg(rz,t’)—[i—'g+,{’1_g} [ﬂ G

](I—l )
dt’
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_G:‘jja k”zr SOZ 'm[singz(z—g)—ecosﬁ(z—g)]

n=1 C” m=1
tf —k a,f+m2f2 (t—t")
xj{u(n,t')—[ﬂ+z} }e [ s ] dt’
0 dZ z=0
l+via, & r S0
(1_Vj 7 nZl ) ] (25)

Using (25) in (12) and (13) one obtains the radial and axial displacement U and W as
1+v &, kS| PP u,S, +218, | <
2 4:2 Z

x Y (=1)"m[@cos@ z —sin O¢]
o= —k ﬂn2+L:[2 (=1 o 2 ’
X'[l:f(n,f/)—[fl—f-l',%’} }e [ g ] dt’_(H_Vjﬁk_fzr 1,8y + 8,
0 z=¢

n

m=1
1-v)2 ¢ 5 c,

X i(—l)"’ mlsin @(z —¢)— Ocos O (z —¢)]

m=1

xj‘{u(n /- [ Z} }-k[aﬁ"’;
0 z=0

oo 2 !
+(1+vjo;,z r So,un+2rSo}L1[Z]

](f—r’)
dt’

...(26
1—V n=1 Cn ( )
1+v\a, k ’S e '
I, + (t—=t")
lezé(nt) [ } }e [ ¢’ ] dr’
2=¢
2 = 2 oo
_(1'“/}&](”; Zr SOZ( 1)"m*[cos @ (z =) +6sin 6(z - ¢)]
1_V 2 g n=l1 Cn m=1
0 —k an2+"’2f2 (1=t
xju( ,t')—[d—l+}{ e[ g] dr’
0 dz 7=0
1+v Vo, <& rzso d -1
N t 4y, ..27)
(1_Vj4;1—c dz[ val

n

V. DETERMINATION OF STRESS FUNCTIONS
Using (26) and (27) in (16) the radial stress function is obtained as

2 2 ” 7
o —(/1+2G)(1+Vj0;’k72[ [r Hy Sy T2ri, S + 25, x> (=1)"m[fcos 6 z —sin 6 ]
14 g n=1 Cc

n m=1

88
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y jl:z(n,t’) ) [d_)( N Z} }k[ﬂﬁ"’; ](r_z')dt,
0 7=¢

A+ ZG)(ijakzzz riu, SO +2ru, S, +2S0]

v)2g¢? c,

)

XZ(— )mm[sinﬁ(z—g)—ﬁcosé’(z—g)]

1

_k[an2+mgf ](z—z’) , 1+v) e,
u(n,t')— +){ e di’ +(2+26) -
0 z=0

-v
xi{r M, S0 +2r,unS0 +250}L1[I]
n=1
1+

"—;

Cl‘l

+/1[1 VJazkﬁi{M} i m[ecosﬁz—sinez]
v S

n=l n m=1

2 2
](i t')
¢ dt’

) 1+v ﬂk_ﬂi’"zﬂ,zs(;"'so
2r & 5 c

n

m=1

xj‘{;(n,t') _[fl_jz{—i_l} }_k[a"2+mg
0 z=0

f](r—r’)
dt’
- ’s +2rS, _
Z - °ﬂ; d ]Ll[l]

n

xi(—l)’" mlsin @(z —¢)— Ocos 8 (z —¢)]

)& i z )" m*6[6cos@z —sin Oz7]

- RN TR o,
Xj f(n,t')_[d_l_l_z} e [ ¢’ ] dr’ —ﬂ(l—FVJ% krn? S,
0 dz -

- 1-v ’ Z

n=1 Cn

xi( 1)" m?6l0cos8(z —¢)—sin (z—¢)]

m=1

R P
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l+v)a, & r2S, d* o, .
+ A ’§ o = | (28
(I—lel- dzz[ [Z]] (28)

VI. SPECIAL CASE AND NUMERICAL RESULTS

n=1 n

_ 2krm
Set $(r,t)=(1-e")go(r), u(r,t)y=(1—-e")hd(r),F,(z,t) = F,(z,1)=0, a=—-,r=0.75a =05,
S
b=1,h=1, ¢=0.75,t=1sec, k, =0.25, k, =0.25 and k =0.38 in the equation (24) to obtain

g(r 1) ZZ — m[425m)cos(4 25m) sin(4.25m)]

nlml

—0.38(u, > +17.3m*
l—e (M, m”)

1> +17.3m? x(0.75)S,”(0.25,0.25,0.7541,,)

—iil (—=1)" m[sin(10.5m)— (4.25m)cos(10.5m)]

n=l m=1 %

—0.38(u,2+17.3m>
l—e (Hy m-)

% (0.75)S,7(0.25,0.25.0.7511,) ..(29)
w’+17.3m ’ “

VII. CONCLUSION

The temperature, displacement and stress functions at any point of the cylinder have been derived, when the interior
third kind boundary condition and the other three boundary conditions are known, with the aid of finite Marchi-
Zgrablich transform and Laplace transform techniques.

The expressions are obtained in the form of infinite series. Any particular case of special interest can be derived by
assigning suitable values to the parameters and functions in the expressions.

The results presented here will be more useful in Engineering problems particularly in the determination of the state
of strain in the cylinder constituting the foundations of container for hot gases or liquid in foundations for furnaces
etc.

VIII. GRAPHICAL ANALYSIS

Below figure shows the variation of radial stress versus z for different value of t.
4
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